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Abstract. The real forms of the complex affine Kac–Moody algebrasD
(1)
` (for ` > 4) are found

by determining all the conjugacy classes of the involutive automorphisms ofD
(1)
` using the matrix

formulation of automorphisms of an affine Kac–Moody algebra.

1. Introduction

It is well known that the study of the involutive automorphisms of complex semi-simple
Lie algebras by Gantmacher [1] allowed Gantmacher [2] to obtain a very elegant systematic
determination of all the simple real Lie algebras. As the situation for the affine Kac–Moody
algebras is similar, the determination the conjugacy classes of the group of automorphisms
of these algebras will yield their real forms. An interesting alternative method, using Sakate
diagrams, has been proposed recently by Pati and Parashar [3].

A comprehensive method of dealing with the automorphisms of an untwisted affine Kac–
Moody algebra based on a matrix formulation of the untwisted affine Kac–Moody algebras
was developed by Cornwell [4] (hereafter referred to as paper I), extending some previous
work on the corresponding ‘derived subalgebra’L̃′ by Levstein [5]. It was shown in paper I
that in general there are four types of automorphism within this matrix formulation, which
were called ‘type 1a’, ‘type 1b’, ‘type 2a’ and ‘type 2b’. The explicit derivation of all of
these types of automorphism, as well as the investigation of identical automorphisms and of
the identity automorphism, the formulae for the products of automorphisms, the conditions
for an automorphism to be involutive, the formulae for the inverses of automorphisms and
the conjugacy conditions for automorphisms may all be found in paper I, along with other
motivations for the study of these automorphisms. These will not be repeated here. Previous
papers (Cornwell [6–8], Clarke and Cornwell [9–11]) have discussed in detail the conjugacy
classes of the involutive automorphisms of theuntwistedalgebrasA(1)` andB(1)` (for ` > 1)
and forC(1)` (for ` > 2), and have also investigated the applicability of the method to the
twistedalgebrasA(2)` (for ` > 2) andD(2)

` (for ` > 3). (It is interesting that the Sakate diagram
method of Pati and Parashar [3] produces the results in complete agreement with these for the
two cases ofA(1)1 andA(1)2 that they have studied in detail.) In the present paper the investigation
of the untwisted affine Kac–Moody algebras based on classical Lie algebras is completed by
presenting for the remaining set of algebrasD(1)

` (for ` > 4) the conjugacy classes of the
involutive automorphisms and their corresponding real forms.
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The complex affine Kac–Moody algebras and their Weyl groups have structures that are
now very well established. For reviews see Kac [12], Goddard and Olive [13, 14] and Cornwell
[15]. Unless otherwise stated all the notations and conventions that will be employed in
the present paper are those of the latter reference. In particular, quantities belonging to the
simple complex Lie algebrãL0 associated with an untwisted affine Kac–Moody algebraL̃ are
distinguished from the corresponding quantities belonging toL̃ by a superscript 0, so that, for
example,α is the linear functional on the Cartan subalgebraH of L̃ which is the extension of
the linear functionalα0 on the Cartan subalgebraH0 of L̃0.

Mention should be made here of some other interesting papers on the automorphisms of
complex affine Kac–Moody algebras and related real forms (although none dealexplicitlywith
the special set of algebrasD(1)

` (for ` > 4) that are being considered here). The treatment of
the so-called ‘Cartan-preserving automorphisms’, that is, of those automorphisms that map
the Cartan subalgebra into itself, has been investigated by Bausch [16] and Gormanet al
[17]. However, as discussed in paper I, although such automorphisms are very important, in
that every conjugacy class of the automorphism group contains at least one Cartan-preserving
automorphism, it is necessary to go beyond such automorphisms. The main reason for this
is that it is possible for two Cartan-preserving automorphisms to be conjugate members of
the group of all automorphisms of an affine Kac–Moody algebra, even though they are not
conjugate within the subgroup of Cartan-preserving automorphisms. That is, conjugacy
of Cartan-preserving automorphisms within the group of all automorphisms of an affine
Kac–Moody algebra is often achieved via ‘non-Cartan-preserving automorphisms’. The
matrix method of paper I provides a systematic method of dealing with this problem. As
mentioned above, this is a development of previous work by Levstein [5], which dealt with the
corresponding problem for the derived subalgebraL̃′ of an affine Kac–Moody algebrãL, that
is, of the subalgebra of̃L with the scaling elementd removed. Details of what is involved in
this development can be found in paper I, but it is worth noting here that as the linear functional
δ on the Cartan subalgebraH of L̃ haszerovalue on thewholeof the Cartan subalgebra ofL̃′,
all the roots ofL̃′ haveinfinite degeneracy, whereas all the roots ofL̃ havefinite degeneracy,
and consequentlỹL′ andL̃ have significantly different structures. Real forms of complex affine
Kac–Moody algebras have also been discussed by Berman and Pianzola [18], Berman [19]
and Rousseau [20].

The associated simple complex Lie algebra forD
(1)
` is the algebraD`, so that

δ = α0 + α1 + 2(α2 + · · · + α`−2) + α`−1 + α`
c = hα0 + hα1 + 2(hα2 + · · · + hα`−2) + hα`−1 + hα` .

For D` the basic representationΓ may be taken to be the 2`-dimensional irreducible
representationΓ{1, 0, . . . ,0} which is defined as follows. Let

α◦j =
{
εj − εj+1 j = 1, 2, . . . , `− 1

ε` + ε`+1 j = `
so that the roots ofD` may be expressed in the formεr ± εs for 1 6 r < s 6 `. Then the
matrices representing the basis elements ofD` may be taken to be

Γ(hαj ) =

{`(`− 1)}−1{ek,k − ek+1,k+1 + e2`−k,2`−k − e2`+1−k,2`+1−k}

for j = 1, . . . , `− 1
{`(`− 1)}−1{e`−1,`−1 + e`,` − e`+1,`+1− e`+2,`+2} for j = `

and

Γ(eεr+εs ) = {`(`− 1)}−1/2{er,2`+1−s + (−1)r+s+1es,2`+1−r} for 16 r < s 6 `
Γ(eεr−εs ) = {`(`− 1)}−1/2{er,s + (−1)r+s+1e2`+1−s,2`+1−r} for 16 r < s 6 `
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where the matricesej,k are defined in equation (A1) of the appendix. This representationΓ is
equivalent to its contragredient representation, which implies that the type 1b automorphisms
and the type 2b automorphisms coincide with the type 1a and the type 2a automorphisms,
respectively. The Dynkin index of this representation is given byγ = 2/{`(`− 1)}.

All the matricesa of this representation satisfy the constraint

ãg + ga = 0 where g = offdiag{1,−1, . . . ,−1, 1}. (1)

If a matrix U(t) is to correspond to an automorphism ofD(1)
` , then the mappinga(t) 7→

U(t)a(ut)U(t)−1 must stabilize the ‘matrix part’ of the algebra. That is, the image of
a(t) must satisfy (1). Schur’s lemma and the Laurent polynomial condition then imply that
Ũ(t) gU(t) = αtβg, whereα is some non-zero complex number andβ is some integer.

Although the Dynkin diagram ofD4 is markedly different from that ofD` for ` > 5, this
does not effect theinvolutiveautomorphisms.

A concise notation for certain matrices is presented in the appendix.

2. Type 1a involutive automorphisms withu = 1 and associated real forms ofD(1)
`

(1) The conjugacy class with representative given byU(t) = 12` consists only of the identity
automorphism, for which the corresponding real form is just the compact real form.

(2) For each of the integer values ofb such that 16 b 6 [`/2] there exists a class of involutive
automorphisms with representative given byU(t) = dsum{1`−b,−12b, 1`−b}. For the
associated real form the eigenvectors of the corresponding involutive automorphismψ

are:

(a) with eigenvalue +1:

(i) ihαk (for k = 1, 2, . . . , `), ic, id;

(ii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iii) (eα + e−α), i(eα − e−α), together with(ejδ+α + e−jδ−α) and i(ejδ+α − e−jδ−α) (for
j = 1, 2, . . .), where

α = εr ± εs
{

16 r < s 6 `− b
`− b < r < s 6 `

(b) with eigenvalue−1:

(i) i (eα + e−α), (eα − e−α), together with i(ejδ+α + e−jδ−α) and(ejδ+α − e−jδ−α) (for
j = 1, 2, . . .), whereα = εr ± εs (for 16 r 6 `− b < s 6 `).

(3) For each of the integer values ofa such that 16 a 6 [`/2] there exists a class of involutive
automorphisms with representative given byU(t) = dsum{−1a, 1`−a,−1`−a, 1a}. For
the associated real form the eigenvectors of the corresponding involutive automorphism
ψ are:

(a) with eigenvalue +1:

(i) ihαk (for k = 1, 2, . . . , `), ic, id;

(ii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iii) (eα + e−α), i(eα − e−α), together with(ejδ+α + e−jδ−α) and i(ejδ+α − e−jδ−α) (for
j = 1, 2, . . .), whereα = εr + εs (for 16 r < s < a or a < r < s 6 `);

(iv) (eα + e−α), i(eα − e−α), together with(ejδ+α + e−jδ−α) and i(ejδ+α − e−jδ−α) (for
j = 1, 2, . . .), whereα = εr − εs for 16 r 6 a < s 6 `);
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(b) with eigenvalue−1:

(i) i (eα + e−α), (eα − e−α), together with i(ejδ+α + e−jδ−α) and(ejδ+α − e−jδ−α) (for
j = 1, 2, . . .), whereα = εr + εs (for 16 r 6 a < s 6 `);

(ii) i (eα + e−α), (eα − e−α), together with i(ejδ+α + e−jδ−α) and(ejδ+α − e−jδ−α) (for
j = 1, 2, . . .), whereα = εr + εs (for 16 r < s < a or a < r < s 6 `).

(4) For ` eventhere exists a class of involutive automorphisms with representative given
by U(t) = offsum{K`−1, tK1, t

−1K1,K`−1}, whereKj is the j × j matrix defined
in (A2). For the associated real form the eigenvectors of the corresponding involutive
automorphismψ are:

(i) hαk (for k = 1, 2, . . . , `− 2), (hα`−1 − 1
2c), (hα` − 1

2c), ic, i{d − 1
2`(`− 1)hα`};

(ii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iii) i (eα + e−α) and i(eα − e−α), together with

i(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

whereα = εr ± εs (for 16 r < s 6 `− 1, with r + s odd);

(iv) (eα + e−α) and i(eα − e−α), together with

(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
i(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

whereα = εr ± εs (for 16 r < s 6 `− 1, with r + s even);

(v) with α = εr ± ε` (for 16 r 6 `− 1, with r odd),

i(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(vi) with α = εr ± ε` (for 16 r 6 `− 1, with r even),

(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
i(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α).

(for j = 0, 1, 2, . . .)

(5) For` odd there exists a class of involutive automorphisms with representative given by
U(t) =K2`, whereKj is thej × j matrix defined in (A2). For the associated real form
the eigenvectors of the corresponding involutive automorphismψ are:

(a) with eigenvalue +1:

(i) ic, id;
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(ii) with
α = εr ± εs 16 r < s 6 ` (with r + s odd) (2)

(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α) (for j = 1, 2, . . .)

(iii) with
α = εr ± εs 16 r < s 6 ` (with r + s even) (3)
(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
i(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(b) with eigenvalue−1:

(i) hαk (for k = 1, 2, . . . , `);

(ii) i (ekjδ + ek−jδ) and(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iii) with α defined in (2),
i(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(iv) with α defined in (3),
i(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α). (for j = 1, 2, . . .)

(6) For each of the integer values ofa such that 16 a 6 [`/2] there exists a class of involutive
automorphisms with representative given byU(t) = dsum{tK`−a,Ka, tKa,K`−a},
whereKj is thej×j matrix defined in (A2). For the associated real form the eigenvectors
of the corresponding involutive automorphismψ are:

(a) with eigenvalue +1:

(i) ic;

(ii) for a > 2,

id − 1
4i

{ `−a∑
p=1

phαp +
a−2∑
p=1

(`− a − p)hα`−a−p

+1
2(`− 2a + 2)hα`−1 + 1

2(`− 2a)hα`

}
for a = 2,

id − 1
4i

{ `−a∑
p=1

phαp + 1
2(`− 2)hα`−1 + 1

2(`− 4)hα`

}
for a = 1,

id − 1
4i

{ `−a∑
p=1

phαp + 1
2`hα`−1 + 1

2(`− 2)hα`

}
for a = 0,

id − 1
4i

{ `−a∑
p=1

phαp + 1
2(`− 2)hα`−1 + 1

2`hα`

}
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(iii) with

α = εr − εs 16 r < s 6 `− a or `− a < r < s 6 `
(with r + s even) (4)

or
α = εr + εs 16 r 6 `− a < s 6 ` (with r + s even) (5)

(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
i(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(iv) with
α = εr − εs 16 r < s 6 `− a or `− a < r < s 6 `

(with r + s odd) (6)
or
α = εr + εs 16 r 6 `− a < s 6 ` (with r + s odd) (7)

(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α) (for j = 1, 2, . . .)

(v) with
α = εr − εs 16 r 6 `− a < s 6 ` (with r + s even) (8)
or
α = εr + εs 16 r < s 6 `− a (with r + s even) (9)

(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
i(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(vi) with
α = εr − εs 16 r 6 `− a < s 6 ` (with r + s odd) (10)
or
α = εr + εs 16 r < s 6 `− a (with r + s odd) (11)

(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(vii) with
α = εr + εs `− a < r < s 6 ` (with r + s even) (12)

(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
i(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(viii) with
α = εr + εs `− a < r < s 6 ` (with r + s odd) (13)

(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(b) with eigenvalue−1:

(i) hαk (for k = 1, 2, . . . , `, k 6= `− a), (hα`−a + 1
2c);

(ii) i (ekjδ + ek−jδ) and(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iii) with α defined in (4) or (5),

i(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α) (for j = 1, 2, . . .)
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(iv) with α defined in (6) or (7),

i(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(v) with α defined in (8) or (9),

i(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(vi) with α defined in (10) or (11),

i(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(vii) with α defined in (12),

i(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(viii) with α defined in (13),

i(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α).

(for j = 0, 1, 2, . . .)

(7) For integer values ofb such that 16 b 6 [`/2] there exists a class of involutive
automorphisms with representative given byU(t) = dsum{1`−b,−1b,K2,−1b,−1`−b},
whereKj is thej×j matrix defined in (A2). For the associated real form the eigenvectors
of the corresponding involutive automorphismψ are:

(a) with eigenvalue +1:

(i) ihαk (for k = 1, 2, . . . , `− 2), i(hα`−1 + hα`), ic, id;

(ii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , `− 2 andj = 1, 2, . . .);

(iii) (e`−1
jδ + e`−1

−jδ + e`jδ + e`−jδ) and i(e`−1
jδ − e`−1

−jδ + e`jδ − e`−jδ) (for j = 1, 2, . . .);

(iv) (ejδ+α+e−jδ−α)and i(ejδ+α−e−jδ−α), whereα = εr±εs (for 16 r < s 6 `−1−b
or `− b − 1< r < s 6 `− 1);

(v) (ejδ+α + e−jδ−α + ejδ+β + e−jδ−β) and i(ejδ+α − e−jδ−α + ejδ+β − e−jδ−β) (for
j = 0, 1, 2, . . .), where

α = εr − ε` β = εr + ε` with 16 r 6 `− 1− b (14)

(vi) (ejδ+α + e−jδ−α − ejδ+β − e−jδ−β) and i(ejδ+α − e−jδ−α − ejδ+β + e−jδ−β) (for
j = 0, 1, 2, . . .), where

α = εr − ε`, β = εr + ε` with `− 1− b 6 r 6 `− 1 (15)

(b) with eigenvalue−1:

(i) (hα`−1 − hα`);
(ii) i (ekjδ + ek−jδ) and(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iii) (e`−1
jδ + e`−1

−jδ − e`jδ − e`−jδ) and i(e`−1
jδ − e`−1

−jδ − e`jδ + e`−jδ) (for j = 1, 2, . . .);
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(iv) (ejδ+α+e−jδ−α) and i(ejδ+α−e−jδ−α), whereα = εr±εs (for 16 r 6 `−1−b <
s 6 `− 1);

(v) i(ejδ+α + e−jδ−α − ejδ+β − e−jδ−β) and(ejδ+α − e−jδ−α − ejδ+β + e−jδ−β) (for
j = 0, 1, 2, . . .), whereα andβ are given by (14);

(vi) (ejδ+α + e−jδ−α + ejδ+β + e−jδ−β) and i(ejδ+α − e−jδ−α + ejδ+β − e−jδ−β) (for
j = 0, 1, 2, . . .), whereα andβ are given by (15).

(8) For each of the integer values ofb that are such that 16 b 6 [`/2] there
exists a class of involutive automorphisms with representative given byU(t) =
dsum{1`−2−b,−1b, offdiag{1, t, t−1, 1},−1b, 1`−2−b}. For the associated real form the
eigenvectors of the corresponding involutive automorphismψ are:

(i) ihαk (for k = 1, 2, . . . , `−2),(hα`−1− 1
2c), (hα` +

1
2c), ic, i{d+ 1

4`(`−1)(hα`−1−hα`)};
(ii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , `− 2, andj = 1, 2, . . .);
(iii) i (ekjδ + ek−jδ) and(ekjδ − ek−jδ) (for k = `− 1, ` andj = 1, 2, . . .);
(iv) for j = 1, 2, . . . ,

{e`−2
jδ + e`−2

−jδ + 1
2(e

`−1
jδ + e`−1

−jδ + e`jδ + e`−jδ)}
{e`−2
jδ − e`−2

−jδ − 1
2(e

`−1
jδ − e`−1

−jδ + e`jδ − e`−jδ)}
(v) (ejδ+α + e−jδ−α) and i(ejδ+α − e−jδ−α) (for j = 1, 2, . . .), whereα = εr ± εs (for

16 r < s 6 `− 2− b or `− 2− b < r < s 6 `− 2);

(vi) i (ejδ+α + e−jδ−α) and(ejδ+α − e−jδ−α) (for j = 1, 2, . . .), whereα = εr ± εs (for
16 r 6 `− 2− b < s 6 `− 2);

(vii) with α = εr − ε`−1 andβ = εr + ε`−1 (with 16 r 6 `− 2− b),
(ejδ+α + e−jδ−α + ejδ+β + e−jδ−β)
i(ejδ+α + e−jδ−α − ejδ+β − e−jδ−β)
i(ejδ+α − e−jδ−α + ejδ+β − e−jδ−β)
(ejδ+α − e−jδ−α − ejδ+β + e−jδ−β)

(j = 0, 1, 2, . . .)

(viii) with α = εr − ε`−1 andβ = εr + ε`−1 (with `− 2− b < r 6 `− 2),

i(ejδ+α + e−jδ−α + ejδ+β + e−jδ−β)
(ejδ+α + e−jδ−α − ejδ+β − e−jδ−β)
(ejδ+α − e−jδ−α + ejδ+β − e−jδ−β)
i(ejδ+α − e−jδ−α − ejδ+β + e−jδ−β)

(j = 0, 1, 2, . . .)

(ix) with α = εr − ε` andβ = εr + ε` (with 16 r 6 `− 2− b),
(ejδ+α + e−jδ−α + e(j+1)δ+β + e−(j+1)δ−β)
i(ejδ+α + e−jδ−α − e(j+1)δ+β − e−(j+1)δ−β)
i(ejδ+α − e−jδ−α + e(j+1)δ+β − e−(j+1)δ−β)
(ejδ+α − e−jδ−α − e(j+1)δ+β + e−(j+1)δ−β)

(j = 0, 1, 2, . . .)

(x) with α = εr − ε` andβ = εr + ε` (with `− 2− b < r 6 `− 2),

i(ejδ+α + e−jδ−α + e(j+1)δ+β + e−(j+1)δ−β)
(ejδ+α + e−jδ−α − e(j+1)δ+β − e−(j+1)δ−β)
(ejδ+α − e−jδ−α + e(j+1)δ+β − e−(j+1)δ−β)
i(ejδ+α − e−jδ−α − e(j+1)δ+β + e−(j+1)δ−β)

(j = 0, 1, 2, . . .)
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(xi) with α = ε`−1± ε`,

i(ejδ+α + e−jδ−α + e(j+1)δ+α + e−(j+1)δ+α)

(ejδ+α + e−jδ−α + e(j+1)δ+α + e−(j+1)δ+α)

i(ejδ+α + e−jδ−α + e(j+1)δ+α + e−(j+1)δ+α)

(ejδ+α + e−jδ−α + e(j+1)δ+α + e−(j+1)δ+α).

(j = 0, 1, 2, . . .)

3. Type 1a involutive automorphisms withu = −1 and associated real forms ofD(1)
`

(1) There exists a class of involutive automorphisms with representative given byU(t) =
12`. For the associated real form the eigenvectors of the corresponding involutive
automorphismψ are:

(a) with eigenvalue +1:

(i) ihαk (for k = 1, 2, . . . , `), ic, id;

(ii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 2, 4, . . . , i.e. for j
even);

(iii) (ejδ+α + e−jδ−α) and i(ejδ+α − e−jδ−α) (for j = 2, 4, . . . , i.e. for j even), where
α is any root ofD`;

(b) with eigenvalue−1:

(i) i (ekjδ + ek−jδ) and(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 3, . . . , i.e. for j
odd);

(ii) i (ejδ+α + e−jδ−α) and(ejδ+α − e−jδ−α) (for j = 1, 3, . . . , i.e. for j odd), where
α is any root ofD`.

(2) For l odd there exists a class of involutive automorphisms with representative given by
U(t) = dsum{1`−1,K2, 1`−1}, whereKj is thej × j matrix defined in (A2). For the
associated real form the eigenvectors of the corresponding involutive automorphismψ

are:

(i) ihαk (for k = 1, 2, . . . , `), ic, id;

(ii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` − 1, andj = 2, 4, . . . , i.e. for j
even);

(iii) i (ekjδ + ek−jδ) and(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` − 1, andj = 1, 3, . . . , i.e. for j
odd);

(iv) for j = 2, 4, . . . , i.e. for j even,

(e`−1
jδ + e`−1

−jδ + e`jδ + e`−jδ)
i(e`−1

jδ + e`−1
−jδ − e`jδ − e`−jδ)

i(e`−1
jδ − e`−1

−jδ + e`jδ − e`−jδ)
(e`−1
jδ − e`−1

−jδ − e`jδ + e`−jδ)
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(v) for j = 1, 3, . . . , i.e. for j odd,

i(e`−1
jδ + e`−1

−jδ + e`jδ + e`−jδ)
(e`−1
jδ + e`−1

−jδ − e`jδ − e`−jδ)
(e`−1
jδ − e`−1

−jδ + e`jδ − e`−jδ)
i(e`−1

jδ − e`−1
−jδ − e`jδ + e`−jδ)

(vi) (ejδ+α + e−jδ−α) and i(ejδ+α − e−jδ−α) (for j = 2, 4, . . . , i.e. for j even), where
α = εr ± εs (for 16 r < s 6 `− 1);

(vii) i (ejδ+α + e−jδ−α) and (ejδ+α − e−jδ−α) (for j = 1, 3, . . . , i.e. for j odd), where
α = εr ± εs (for 16 r < s 6 `− 1);

(viii) i (ejδ+α + e−jδ−α) and(ejδ+α − e−jδ−α) (for j = 1, 2, . . .), whereα = εr ± εs (for
16 r 6 `− 2− b < s 6 `− 2);

(ix) with α = εr − ε` andβ = εr + ε` (with 16 r 6 `− 1),

(ejδ+α + e−jδ−α + ejδ+β + e−jδ−β)
i(ejδ+α + e−jδ−α − ejδ+β − e−jδ−β)
i(ejδ+α − e−jδ−α + ejδ+β − e−jδ−β)
(ejδ+α − e−jδ−α − ejδ+β + e−jδ−β)

(j even)

(x) with α = εr − ε` andβ = εr + ε` (with 16 r 6 `− 1),

i(ejδ+α + e−jδ−α + ejδ+β + e−jδ−β)
(ejδ+α + e−jδ−α − ejδ+β − e−jδ−β)
(ejδ+α − e−jδ−α + ejδ+β − e−jδ−β)
i(ejδ+α − e−jδ−α − ejδ+β + e−jδ−β).

(j odd)

4. Type 2a involutive automorphisms withu = 1 and associated real forms ofD(1)
`

(1) For each pair of the integer values ofq andr that are such that 06 q 6 [`/2] and 06 r 6[
1
2(`−q−1)

]
there exists a class of involutive automorphisms with a representative given

byU(t) = dsum{1p,−1q, t1r , t−11r ,−1q .1p}, wherep + q + r = `. For the associated
real form the eigenvectors of the corresponding involutive automorphismψ are:

(i) ihαk (for k = 1, 2, . . . , ` and if r 6= 0 thenk 6= ` − r), i(hα`−r − 1
2c) (for r 6= 0),

i(hα` + 1
2c) (for r = 1), i(hα` + c) (for r = 2);

(ii) c, d − 1
2`(`− 1)

{∑r−2
j=1,r>2 jhα`−r+r − 1

2(r − 2)hα`−1 − 1
2(r − 4)hα`

}
;

(iii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iv) with α = εa ± εb 1 6 a < b 6 p or p < a < b 6 p + q, or with
α = εa − εb, p + q < a < b 6 `,

(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
i(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)
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(v) with α = εa ± εb, 16 a 6 p < b 6 p + q,

i(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(vi) with α = εa − εb, 16 a 6 p, p + q < b 6 `,

(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
i(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(vii) with α = εa − εb, p < a 6 p + q < b 6 `,

i(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(viii) with α = εa + εb, p < a 6 p, p + q < b 6 `,

(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
i(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(ix) with α = εa + εb, p < a 6 p + q < b 6 `,

i(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(x) with α = εa + εb, p + q < a < b 6 `,

(ejδ+α + e−jδ−α + e−(j−2)δ+α + e(j−2)δ−α)
i(ejδ+α + e−jδ−α − e−(j−2)δ+α − e(j−2)δ−α)
i(ejδ+α − e−jδ−α + e−(j−2)δ+α − e(j−2)δ−α)
(ejδ+α − e−jδ−α − e−(j−2)δ+α + e(j−2)δ−α).

(for j = 0, 1, 2, . . .)

(2) For each pair of the non-negative integer values ofp, q and r that are such that
p + q + r = ` there exists a class of involutive automorphisms with representative
given byU(t) = dsum{1p, 1q, t1r ,−t−11r ,−1q,−1p}. For the associated real form
the eigenvectors of the corresponding involutive automorphismψ are:

(i) ihαk (for k = 1, 2, . . . , ` and if r 6= 0 thenk 6= ` − r), i(hα`−r − 1
2c) (for r 6= 0),

i(hα` + 1
2c) (for r = 1), i(hα` + c) (for r = 2);

(ii) c, d − 1
2`(`− 1)

{∑r−2
j=1,r>2 jhα`−r+j − 1

2(r − 2)hα`−1 − 1
2(r − 4)hα`

}
;
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(iii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iv) with α = εa − εb, 1 6 a < b 6 p, p < a < b 6 p + q, orp + q < a < b 6 `, or
with α = εa + εb, 16 a 6 p < b 6 p + q,

(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
i(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(v) with α = εa − εb, 1 6 a 6 p < b 6 p + q, or with α = εa + εb,
16 a < b 6 p, orp < a < b 6 p + q,

i(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(vi) with α = εa − εb, 16 a 6 p, p + q < b 6 `,

i(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(vii) with α = εa − εb, p < a 6 p + q < b 6 `,

(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
i(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(viii) with α = εa + εb, 16 a 6 p, p + q < b 6 `,

(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
i(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(ix) with α = εa + εb, p < a 6 p + q < b 6 `

i(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(x) with α = εa + εb, p + q < a < b 6 `,

i(ejδ+α + e−jδ−α + e−(j−2)δ+α + e(j−2)δ−α)
(ejδ+α + e−jδ−α − e−(j−2)δ+α − e(j−2)δ−α)
(ejδ+α − e−jδ−α + e−(j−2)δ+α − e(j−2)δ−α)
i(ejδ+α − e−jδ−α − e−(j−2)δ+α + e(j−2)δ−α).

(for j = 0, 1, 2, . . .)
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(3) For each pair of the non-negative integer values ofp, q and r that are such that
p+q +r = ` there exists a class of involutive automorphisms with representative given by
U(t) = dsum{t1p,−1q, 1r , t1r ,−t1q, 1p}. For the associated real form the eigenvectors
of the corresponding involutive automorphismψ are:

(i) ihαk (for k = 1, 2, . . . , `, with k 6= p), i(hαp + 1
2c), c;

(ii) for p 6= `− 1 or`:

d − 1
4`(`− 1)

{ p∑
j=1

jhαj +
`−2−p∑
j=1

hαp+j + 1
2(2p + 2− `)(hα`−1 + hα`)

}
for p = `− 1:

d − 1
4`(`− 1)

{ `−2∑
j=1

jhαj + 1
2`hα`−1 + 1

2(`− 2)hα`

}
and forp = `:

d − 1
4`(`− 1)

{ `−2∑
j=1

jhαj + 1
2(`− 2)hα`−1 + 1

2`hα`

}
(iii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , ` andj = 1, 2, . . .);

(iv) with α = εa − εb, 1 6 a < b 6 p, p < a < b 6 p + q, orp + q < a < b 6 `, or
with α = εa + εb, 16 a 6 p, p + q < b 6 `,

(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
i(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(v) with α = εa − εb, p < a 6 p + q < b 6 `, or with α = εa + εb, 16 a 6 p < b 6
p + q,

i(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(vi) with α = εa + εb, p < a < b 6 p + q or p + q < a < b 6 `,

(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
i(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(vii) with α = εa + εb, p < a 6 p + q < b 6 `,

i(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)
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(viii) with α = εa − εb, 16 a 6 p < b 6 p + q,

i(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(ix) with α = εa − εb, 16 a 6 p, p + q < b 6 ` and 16 a < b 6 p,

(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
i(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α).

(for j = 0, 1, 2, . . .)

(4) For each pair of the non-negative integer values ofp, q and r that are such that
p+q+r = `−1 there exists a class of involutive automorphisms with representative given
byU(t) = dsum{1p,−1q, t1r ,K2, t

−11r ,−1q, 1p}, whereKj is thej×j matrix defined
in (A2). For the associated real form the eigenvectors of the corresponding involutive
automorphismψ are:

(i) ihαk (for k = 1, 2, . . . , ` − 2, with k 6= ` − r − 2), i(hα`−r−2 − 1
2c) (for r 6= 0),

i(hα`−1 + hα` + c) (for r 6= 0), i(hα`−1 + hα`) (for r = 0), (hα`−1 − hα`), c;
(ii) d − 1

4

{∑r−1
j=1 jhα`−r+1+j + 1

2(r + 1)(hα`−1 + hα`)
}

(for r > 0), d (for r = 0);

(iii) (ekjδ + ek−jδ) and i(ekjδ − ek−jδ) (for k = 1, 2, . . . , `− 2, andj = 1, 2, . . .);

(iv) with j = 1, 2, . . .

(e`−1
jδ + e`−1

−jδ + e`jδ + e`−jδ)

(e`−1
jδ − e`−1

−jδ + e`jδ − e`−jδ)
i(e`−1

jδ + e`−1
−jδ − e`jδ − e`−jδ)

i(e`−1
jδ − e`−1

−jδ − e`jδ + e`−jδ)

(v) with α = εa ± εb, 1 6 a < b 6 p, or p < a < b 6 p + q, or with
α = εa − εb, p + q < a < b 6 `− 2,

(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
i(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)

(vi) with α = εa ± εb, 16 a 6 p < b 6 p + q,

i(ejδ+α + e−jδ−α + e−jδ+α + ejδ−α)
(ejδ+α + e−jδ−α − e−jδ+α − ejδ−α)
(ejδ+α − e−jδ−α + e−jδ+α − ejδ−α)
i(ejδ+α − e−jδ−α − e−jδ+α + ejδ−α)

(for j = 1, 2, . . .)
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(vii) with α = εa − εb, 16 a 6 p, p + q < b 6 `− 2,

(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
i(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(viii) with α = εa − εb, p < a 6 p + q < b 6 `− 2,

i(ejδ+α + e−jδ−α + e−(j+1)δ+α + e(j+1)δ−α)
(ejδ+α + e−jδ−α − e−(j+1)δ+α − e(j+1)δ−α)
(ejδ+α − e−jδ−α + e−(j+1)δ+α − e(j+1)δ−α)
i(ejδ+α − e−jδ−α − e−(j+1)δ+α + e(j+1)δ−α)

(for j = 0, 1, 2, . . .)

(ix) with α = εa + εb, 16 a 6 p, p + q < b 6 `− 2,

(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
i(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(x) with α = εa + εb, p < a 6 p + q < b 6 `− 2,

(ejδ+α + e−jδ−α + e−(j−1)δ+α + e(j−1)δ−α)
i(ejδ+α + e−jδ−α − e−(j−1)δ+α − e(j−1)δ−α)
i(ejδ+α − e−jδ−α + e−(j−1)δ+α − e(j−1)δ−α)
(ejδ+α − e−jδ−α − e−(j−1)δ+α + e(j−1)δ−α)

(for j = 0, 1, 2, . . .)

(xi) with α = εa + εb, p + q < a < b 6 `− 2,

(ejδ+α + e−jδ−α + e−(j−2)δ+α + e(j−2)δ−α)
i(ejδ+α + e−jδ−α − e−(j−2)δ+α − e(j−2)δ−α)
i(ejδ+α − e−jδ−α + e−(j−2)δ+α − e(j−2)δ−α)
(ejδ+α − e−jδ−α − e−(j−2)δ+α + e(j−2)δ−α).

(for j = 0, 1, 2, . . .)

Appendix. Concise notation for matrices

Some notation is defined here to make the preceding analysis more concise. The expressions
‘dsum’ and ‘offsum’ are analogous to the commonly used ‘diag’.

(1) The first of these indicates a direct sum. For example

dsum{a, b, . . . ,y, z} =


a 0 · · · 0 0
0 b · · · 0 0
...

...
. . .

...
...

0 0 · · · y 0
0 0 · · · 0 z


wherea, b, . . . ,y, z are square matrices.
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(2) The expression ‘offsum’ is similar to the previous expression. Thus

offsum{a, b, . . . ,y, z} =


0 0 · · · 0 a

0 0 · · · b 0
...

...
. . .

...
...

0 y · · · 0 0
z 0 · · · 0 0


wherea, b, . . . ,y, z are all square matrices.

(3) The expression ‘offdiag’ is a special case of the previous expression. Thus

offdiag{a, b, . . . , y, z} =


0 0 · · · 0 a

0 0 · · · b 0
...

...
. . .

...
...

0 y · · · 0 0
z 0 · · · 0 0


wherea, b, . . . , y, z are all complex numbers.

(4) The (̀ × `) matricesepq (where 16 p, q 6 `) are defined by

(epq)jk = δjpδkq . (A1)

(5) The matrixj × j matrixKj is defined by

Kj = offdiag{1, 1, . . . ,1}. (A2)

References

[1] Gantmacher F R 1939Rec. Math. (Mat. Sbornik) NS5 101
[2] Gantmacher F R 1939Rec. Math. (Mat. Sbornik) NS5 217
[3] Pati K C and Parashar D 1998J. Math. Phys.395015–23
[4] Cornwell J F 1992J. Phys. A: Math. Gen.252311
[5] Levstein F 1988J. Alg.114489
[6] Cornwell J F 1992J. Phys. A: Math. Gen.252335
[7] Cornwell J F 1992J. Phys. A: Math. Gen.253955
[8] Cornwell J F 1992J. Phys. A: Math. Gen.253977
[9] Clarke S P and Cornwell J F 1994J. Phys. A: Math. Gen.27131

[10] Clarke S P and Cornwell J F 1995J. Group Theory Phys.3 21
(for the complete unmutilated version see the bulletin boardPreprinthep-th/9410009)

[11] Clarke S P and Cornwell J F 1998J. Phys. A: Math. Gen.319703
[12] Kac V G 1985Infinite Dimensional Lie Algebras(Cambridge: Cambridge University Press)
[13] Goddard P and Olive D 1986Int. J. Mod. Phys.A 1 303
[14] Goddard P and Olive D 1988Kac–Moody and Virasoro algebras(Singapore: World Scientific)
[15] Cornwell J F 1989Group Theory in Physicsvol III (London: Academic)
[16] Bausch J 1986C. R. Acad. Sci. Paris. I302409–12
[17] Gorman N, O’Raifeartaigh L and McGlinn W 1989J. Math. Phys.301921–32
[18] Berman S and Pianzola A 1987Commun. Alg.15935–59
[19] Berman S 1989Commun. Alg.173165–85
[20] Rousseau G 1988Lecture Notes in Mathematicsvol 1359 (Berlin: Springer) pp 252–64


